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Outline

Energy-based models.
Energy-based models for regression.

How to train energy-based models for regression.

e Noise contrastive estimation (NCE).

Energy-based regression for 3D object detection.
Practical limitations of energy-based regression.

Learning proposals for more practical energy-based regression.

2/35



Energy-Based Models

Energy-based models have a rich history within machine learning.

An energy-based model (EBM) specifies a probability distribution p(x; 6) over
x € X directly via a parameterized scalar function f : X — R:

efG(x)

p(x; 0) = Z(0)’ Z(G):/ef"(i)di
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Energy-based models have a rich history within machine learning.

An energy-based model (EBM) specifies a probability distribution p(x; 6) over
x € X directly via a parameterized scalar function f : X — R:

efG(X) (%
— 0(%) 5
Z(0)’ Z(0) /e dx

p(x;0) =

By defining fy(x) using a deep neural network (DNN), the EBM p(x; 6) becomes
expressive enough to learn practically any distribution from observed data.

EBMs have therefore become increasingly popular within computer vision in recent
years, commonly being applied for various generative image modeling tasks.
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Energy-Based Models

An EBM specifies a probability distribution p(x; @) directly via a parameterized
scalar function fy(x),

efQ(X) ~ .
p(x;0) = Z0)’ Z(0) _/efe(x)dx,

where fy(x) commonly is defined using a DNN.

.

The EBM p(x; 60) = ef"(")/f e(®) d% is thus a highly expressive model that puts

minimal restricting assumptions on the true distribution p(x).

Drawback: the normalizing partition function Z(6) = [ e®)dx is intractable, which

complicates evaluating or sampling from the EBM p(x; 0).

Compare with normalizing flow models which are specifically designed to be easy to
both evaluate and sample. EBMs instead prioritize maximum model expressivity. 4/35



Energy-Based Probabilistic Regression

While EBMs recently had become increasingly popular within computer vision, they
were basically only being employed for generative image modeling.

In [Paper 1] Energy-Based Models for Deep Probabilistic Regression, we instead
explored the application of EBMs to various regression problems.
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In [Paper 1] Energy-Based Models for Deep Probabilistic Regression, we instead
explored the application of EBMs to various regression problems.

Regression: learn to predict a continuous target y* € ) = RX from a cor-
responding input x* € X, given a training set D of i.i.d. input-target pairs,
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responding input x* € X, given a training set D of i.i.d. input-target pairs,
D = {(xi,yi) ¥4, (xi,yi) ~ p(x, y).

We employ a probabilistic regression approach, using a conditional EBM to model the
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Energy-Based Probabilistic Regression

Regression: learn to predict a continuous target y* € ) = RX from a cor-
responding input x* € X, given a training set D of i.i.d. input-target pairs,
D = {(xi,yi) ¥4, (xi,yi) ~ p(x, y).

We employ a probabilistic regression approach, using a conditional EBM to model the
predictive distribution p(y|x) of the regression target y given the input x:

efG(va) f ~
— 9(X’y) v
Z.0)’ Z(x,0) /e dy.

p(y|x;0) =

Here, fp : X x Y — R is a DNN that maps any input-target pair (x,y) € X x Y
directly to a scalar fy(x,y) € R, and Z(x,#) is the input-dependent partition function.

6/35



Energy-Based Probabilistic Regression

Energy-Based Probabilistic Regression: train a DNN f5 : X x )Y — R to
predict a scalar fy(x, y), then model p(y|x) with the conditional EBM p(y|x; 0):

fo(x,y)
Z(x,0)

. Z(x,0) = / e 9 gy,
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Energy-Based Probabilistic Regression: train a DNN f5 : X x )Y — R to
predict a scalar fy(x, y), then model p(y|x) with the conditional EBM p(y|x; 0):

fo(x,y)
Z(x,0)

. Z(x,0) = / e 9 gy,

The EBM p(y|x;0) can learn complex distributions p(y|x) directly from data:

Ground Truth Gaussian Ours

T xr x 7/35
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Energy-Based Probabilistic Regression

Energy-Based Probabilistic Regression: train a DNN f5 : X x )Y — R to
predict a scalar fy(x, y), then model p(y|x) with the conditional EBM p(y|x; 0):

fo(x,y) Z(x 9)_/ef9(x’y)d)7.
Z(x,0)’ ’

. J

We have applied the approach to various regression problems within computer vision:

Paper llI:
e 3D bounding box regression (3D object detection in LiDAR point clouds), ) = R’.

Paper IV:
e Steering angle prediction, ) = R.
e Cell-count prediction, ) = R.
e Age estimation, ) = R.

e Head-pose estimation, ) = R3. 9/35



Energy-Based Probabilistic Regression - Prediction

Energy-Based Probabilistic Regression: train a DNN f5 : X x )Y — R to
predict a scalar fy(x, y), then model p(y|x) with the conditional EBM p(y|x; 0):
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In Paper I, 1l & Ill, we predict the most likely target under the model given an input
x* at test-time, i.e. y* = argmax, p(y[x*;0) = argmax, fo(x*, y).
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Energy-Based Probabilistic Regression - Prediction

Energy-Based Probabilistic Regression: train a DNN f5 : X x )Y — R to
predict a scalar fy(x, y), then model p(y|x) with the conditional EBM p(y|x; 0):

efg(x,y)
pylx;0) = Z(x.0)

. Z(x,0) = / e 9 gy,

In Paper I, 1l & Ill, we predict the most likely target under the model given an input
x* at test-time, i.e. y* = argmax, p(y[x*;0) = argmax, fo(x*, y).

In practice, y* = argmax,, fo(x*, y) is approximated by refining an initial estimate y via

T steps of gradient ascent,
Y =y HAV (X7 y),

thus finding a local maximum of fp(x*,y). Evaluation of the partition function

Z(x*,0) is therefore not required.
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Energy-Based Probabilistic Regression - Prediction

y* = argmax p(y|zr;0) = argmax fy(x,y)

yey yey
ﬁ—@- fo(z,y) N
efe (xay)
p(ylw; 0) =

f ef@ <x7y)dg
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Energy-Based Probabilistic Regression - Training

Energy-Based Probabilistic Regression: train a DNN fy : X x Y — R to
predict a scalar fy(x, y), then model p(y|x) with the conditional EBM p(y|x; 0):

efG(X’}/)
Z(x,0)’

ply|x; 8) = Z(x,0) = / gy,
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Energy-Based Probabilistic Regression: train a DNN fy : X x Y — R to
predict a scalar fy(x, y), then model p(y|x) with the conditional EBM p(y|x; 0):

efG(X’}/)
Z(x,0)’

ply|x; 8) = Z(x,0) = / gy,

The DNN fy(x,y) can be trained using various methods for fitting a distribution
p(y|x; 0) to observed data {(x;,yi)},.

In general, the most straightforward such method is probably to minimize the negative
log-likelihood L(#) = — Z,N:l log p(yi|xi; @), which for the EBM p(y|x; 0) is given by,

N
L) = log (/eff)(X”Y)dy) — fo(xi, yi)-
i—1
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Energy-Based Probabilistic Regression - Training

efe(X7Y)
Z(x,0)’

N
—> " log p(yilxi; 0 Z log (/ fol X””dy> — fy(xi, yi)-
i=1

p(ylx;0) =

Z(x,0) = / eo V) dy.
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Energy-Based Probabilistic Regression - Training

. = X = fG(Xu)N/) v/
plybeit) = S, Z(.0) [ ea

N
—> " log p(yilxi; 0 Z log (/ fol X””dy> — fy(xi, yi)-
i=1

The integral fefG(X"’Y)dy is however intractable, preventing exact evaluation of £(6).
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Energy-Based Probabilistic Regression - Training

0 efe(X7Y)
p(y|X’ ) - Z(X, 9)7

N
— ) log p(yilxi; 0 Z log (/ fol X””dy> — fo(xi» i)
i=1

Z(x,0) = / eo V) dy.

The integral fefG(X"’Y)dy is however intractable, preventing exact evaluation of £(6).

In [Paper 1] Energy-Based Models for Deep Probabilistic Regression, we simply

approximated this intractable integral using importance sampling.
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Energy-Based Probabilistic Regression - Training

0 eh) Z(x.0 fo(x.3) v
plybit) = S, Z0x0) = [ 0Dy,

N
——Zlogp(y;\x,-, Zlog</ fo X’y)dY> _fe(xn)/l)'
i=1

Importance sampling:

(X”y)d)/> — fo(xi, vi)
fG(Xh)/)

a(y)

—log p(yilxi; 0) = |0g<

_|og(

(I\/l f: e > — f(xiyi), Y™~ qly).

m=1 14/35
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Energy-Based Probabilistic Regression - Training

Energy-Based Probabilistic Regression: train a DNN fy : X x Y — R to
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Various alternative techniques could however also be employed to train the DNN
fo(x,y), including noise contrastive estimation (NCE), score matching and MCMC.
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In [Paper 1l] How to Train Your Energy-Based Model for Regression, we thus
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Energy-Based Probabilistic Regression - Training

Energy-Based Probabilistic Regression: train a DNN fy : X x Y — R to
predict a scalar fy(x, y), then model p(y|x) with the conditional EBM p(y|x; 0):

efG(X’}/)
Z(x,0)’

ply|x; 8) = Z(x,0) = / gy,

Various alternative techniques could however also be employed to train the DNN
fo(x,y), including noise contrastive estimation (NCE), score matching and MCMC.

In [Paper 1l] How to Train Your Energy-Based Model for Regression, we thus
studied in detail how EBMs should be trained specifically for regression problems.

We compared six methods on the task of 2D bounding box regression, and concluded

that a simple extension of NCE should be considered the go-to training method. 1535



Energy-Based Probabilistic Regression - Training using NCE
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Energy-Based Probabilistic Regression - Training using NCE

p(y|x;0) =

Noise contrastive estimation (NCE) entails learning to discriminate between
observed data examples and samples drawn from a noise distribution.
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Energy-Based Probabilistic Regression - Training using NCE

fo(x.y) ,
p(y|x;0) = © Z(x,0) = /ef"(x’y)d)"/.

Noise contrastive estimation (NCE) entails learning to discriminate between

observed data examples and samples drawn from a noise distribution.

Specifically, the DNN fy(x, y) is trained by minimizing Jxcg(0) = —% ZlNzl JI(\Ii) (9),

CE

(0) (0)

i expify(xi,y; ') —logq(y; )
Jl(\IglE(e):IOg M { } s

Z_)OeXP{fe(X;, y,-(m)) —log q(y,-(m) )}

where y(© 2 y. and {y,-(m)}ﬁ\n/’:1 are M samples drawn from a noise distribution g(y).

i
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Energy-Based Probabilistic Regression - Training using NCE

N (0) (0)

1 i i expifo(xi, y; ') —logq(y; )
Ince(®) =3 100, SO0t L
i=1 ZOeXP{fe(Xi, y{™)log q(y™ )}

yi(O) 2y {yi(m)}%zl ~ q(y) (noise distribution).
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Energy-Based Probabilistic Regression - Training using NCE

N (0) (0)

1 i i expifo(xi, y; ') —logq(y; )
Ince(®) =3 100, SO0t L
i=1 Z_)OeXP{fe(Xi, y,-(m)) —log q(y,-(m) )}

yi(O) 2y {yi(m)}%zl ~ q(y) (noise distribution).

Effectively, Jxcr(0) is the softmax cross-entropy loss for a classification problem with
M + 1 classes (which of the M + 1 values {yi(m)}ﬂzo is the true target ;7).
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Energy-Based Probabilistic Regression - Training using NCE

exp{fa(x;, ¥ —log q(y(o))}

goexp{@(x,-,y}’")) log gy ))}

N
1 i i
Incn(8)=—4 2 Kee(6). Ko@) =log
i=1

y,(o) 2y, | yi(m)}mzl ~ q(y) (noise distribution).

Effectively, Jxcr(0) is the softmax cross-entropy loss for a classification problem with
M + 1 classes (which of the M + 1 values {yi(m)}ﬂzo is the true target ;7).

In [Paper 1l] How to Train Your Energy-Based Model for Regression, the noise
distribution g(y) was set to a mixture of K Gaussians centered at the true target y;,

aly) = Z (vivi,opl)
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Energy-Based Probabilistic Regression - Training using NCE

(0) (0)
j expfy(xi,y; ') —logq
IneE(f Z Kibe(0):  Hln(6)=log M oy )logaly; )
Z_: exp{fa(xi, y,- ) —log q(y ))}
O K
y,-( = Vi, {yi(m)}:\nﬂ:1 ~qly), aly)= Z (v y,,ok/
=
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Energy-Based Probabilistic Regression - Training using NCE

(0) (0)
expifo(xi, y: ' )—lo
Inee(f E: NCE Il 1(\I%)E(0) log ] p{e( v ) LIS )}

Z:IOexp{fe(Xi,y,-(m)) log gy ))}

K

yO2y, I ~aly), aly) = Z (i yisoil).
k
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Energy-Based Probabilistic Regression - 3D Object Detection
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Energy-Based Probabilistic Regression - 3D Object Detection

g

//27 -,

7
i /M/I/Z}?/

In [Paper I11] Accurate 3D Object Detection using Energy-Based Models, we
extend our energy-based regression approach from 2D to 3D bounding box regression.

20/35



Energy-Based Probabilistic Regression - 3D Object Detection

o
//27/
g /M/I/Z}?/ S

In [Paper I11] Accurate 3D Object Detection using Energy-Based Models, we
extend our energy-based regression approach from 2D to 3D bounding box regression.

This is achieved by designing a differentiable pooling operator for 3D bounding boxes

y € R7, and adding an extra network branch to a state-of-the-art 3D object detector.
20/35



Energy-Based Probabilistic Regression - 3D Object Detection

SA-SSD

—>

Pool

g»f(x,y)
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Energy-Based Probabilistic Regression - 3D Object Detection

SA-SSD

—>

Pool

i—>f(x,y)

We integrate a conditional EBM p(y|x; ) = e(¥)/ [ (<7 d§ into the SA-SSD 3D

object detector.
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Energy-Based Probabilistic Regression - 3D Object Detection

i — - i—> f
E_> SA-SSD P pool "‘—G" (x.y)

We integrate a conditional EBM p(y|x; ) = e(¥)/ [ (<7 d§ into the SA-SSD 3D
object detector.

We design a differentiable pooling operator that, given a 3D bounding box y, extracts
a feature vector from the SA-SSD output. This feature vector is processed by

fully-connected layers, outputting fy(x,y) € R. 2135



Energy-Based Probabilistic Regression - Practical Limitations

In Paper |, we trained the EBM p(y/|x; #) by approximating the negative log-likelihood
L(0) = — Z,N:1 log p(yi|xi; ) using importance sampling:

N M (m)
1 1 efolxi,y;™)
J(Q)ZN; log <Mmz—:1q(y(m))> _fQ(Xiv_yl')7

{ y,.(m)}n’\g’:1 ~ g(y) (proposal distribution).
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Energy-Based Probabilistic Regression - Practical Limitations

In Paper Il & IlI, we trained the EBM p(y

;0) using NCE:

Incr(6

N

Z

=1

0
yl( ) ﬁyﬁ

exp{fy(xi, ) ~log a(y\ )}
M (m) (m)
Z_:Oexp{fg(x;, y; ) —logq(y; )}

I NCE(Q) log

{ yi(m)}f\n/’zl ~ q(y) (noise distribution).
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Energy-Based Probabilistic Regression - Practical Limitations

In Paper Il & IlI, we trained the EBM p(y

x; 6) using NCE:

N (0) (0)

1 ; ; expifo(xi, y; ') —loga(y; )
IncelB) =+ 3 0), p(0) —log— P! b
i=1 Eoexp{fe(xln y{™)—log q(y{™)}

y’.(o) 2y, | yi(m)}f\n/’zl ~ q(y) (noise distribution).

In both cases, the proposal/noise distribution g(y) was set to a mixture of K Gaussian
components centered at the true target y;,

1 K
a(y) = 5 D_Nyiyi,okl).

k=1
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Energy-Based Probabilistic Regression - Practical Limitations

K
™M~ qy), aly) ZN (viyi-oil)
k:

24/35



Energy-Based Probabilistic Regression - Practical Limitations

K
™M~ qy), aly) Z Ny yi, o)
k:

The proposal/noise distribution g(y) contains hyperparameters K and {o,%},’f:l, which
need to be carefully tuned for each specific problem.
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only be utilized during training.
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Energy-Based Probabilistic Regression - Practical Limitations

K
™M~ qy), aly) ZN (viyi-oil)
k:

The proposal/noise distribution g(y) contains hyperparameters K and {o,%},’f:l, which
need to be carefully tuned for each specific problem.

The proposal/noise distribution g(y) depends on the true target y;, and can therefore
only be utilized during training.
e To produce a prediction y* at test-time, Paper I, 11 & Il employed gradient
ascent to refine an initial estimate y. However, this prediction strategy then
requires access to good initial estimates.
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Energy-Based Probabilistic Regression - Practical Limitations
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q(y) contains task-dependent hyperparameters K and {ai}le.

q(y) depends on the true target y; and can thus only be utilized during training.

In [Paper IV] Learning Proposals for Practical Energy-Based Regression, we
address both these limitations by jointly learning a parameterized proposal/noise
distribution g(y|x; ¢) during EBM training.

We derive an efficient and convenient objective that can be employed to train
q(y|x; ¢) by directly minimizing its KL divergence to the EBM p(y|x; 0).
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Practical Energy-Based Regression - Learning the Proposal

We want q(y|x; ¢) to be a close approximation of the EBM p(y/|x; 6). Specifically, we
want to find ¢ that minimizes the KL divergence between g(y|x; ¢) and p(y|x;0).
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We want q(y|x; ¢) to be a close approximation of the EBM p(y/|x; 6). Specifically, we
want to find ¢ that minimizes the KL divergence between g(y|x; ¢) and p(y|x;0).

Therefore, we seek to compute V4 Dk, (p(y|x; 8) || q(y

X; gb)) The gradient VD, is
generally intractable, but can be conveniently approximated by the following result:

Result 1: For a conditional EBM p(y|x;0) = () / [ efo(7)dy and distribu-
tion q(y|x; ¢),
M (m)
1 efG(Xﬂy )
oDr(p Il 4) = Valog | 37 2 a(y(™|x; ¢)

m=1

where {y(™M__ are M independent samples drawn from g(y|x; ¢).
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Result 1: For a conditional EBM p(y|x; ) = e?C)/ [ efo(¥)dy and distribu-
tion g(y|x; ¢),

efo(xy(™) >
b

M
1
VaDi (o a) = Voo (3 D

m=1

where {y(’")},’\r/,’:1 are M independent samples drawn from q(y|x; ¢).
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tion g(y|x; ¢),

efo(xy(™) >
b

M
1
VaDi (o a) = Voo (3 D

m=1

where {y(’")},’\r/,’:1 are M independent samples drawn from q(y|x; ¢).

J

Given data {x;}" ;, Result 1 implies that the proposal/noise distribution q(y|x; ¢) can
be trained to approximate the EBM p(y|x; #) by minimizing the loss,
M (m))

N fo(Xi.y;
1 1 elo XY
61 £ 3o (4,37 £
Ng Mm;q(y,-‘ )|xi: 6)

where {y,-(m)}f\n/lzl ~ Q(y|Xi; <f>)- 27/35



Practical Energy-Based Regression - Joint Training Method

Given data {x;} ¥, Result 1 implies that the proposal/noise distribution g(y|x; ¢)
can be trained to approximate the EBM p(y|x; #) by minimizing the loss,

N M fo(xi _(’”))
1 1 elo\Xisy;
JKL(¢) = N E log (/\/I E >,
i=1

=1 a1 )

where {y,-(m)}f\,,ﬂzl ~ q(y|xi; ¢).
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Given data {x;} ;, Result 1 implies that the proposal/noise distribution g(y|x;
can be trained to approximate the EBM p(y|x; #) by minimizing the loss,

N Mo hyxir™)
1 1 Y,
) = tog (37 0 S ).
i=1

=1 a1 )

where {y,-(m)}f\,,ﬂzl ~ q(y|xi; ¢).

?)

Note that Jk1,(¢) is identical to the first term of the EBM loss J(#) from Paper I,

fG(Xiv}/'(m))

Z log < Ze())> —fo(xi, yi)-

w1 a(y;”
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Given data {x;} ¥, Result 1 implies that the proposal/noise distribution g(y|x; ¢)
can be trained to approximate the EBM p(y|x; #) by minimizing the loss,

N Mo hyxir™)
1 1 Y,
) = tog (37 0 S ).
i=1

=1 a1 )

where {y,-(m)}f\,,ﬂzl ~ q(y|xi; ¢).

Note that Jk1,(¢) is identical to the first term of the EBM loss J(#) from Paper I,

xi,y™
Z|0g< Zefe( yi)
w1 a(y;”

())> —fo(xi, yi)-

J(0) can thus be used as a joint objective for training both g and the EBM p.
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Practical Energy-Based Regression - Joint Training Method

N M (m)
1 1 efo(xiy;™)
J 97¢) = 7 |Og < ) - fe(xivyi)a
( A ; & ; a(y™ |xi; 6)

M~ qlylxi ¢).
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Practical Energy-Based Regression - Joint Training Method

M

N
50.0)= 5 " log <,\14 S
i=1

= ay™xi; 0)

efB (Xfa.y,‘(m))

) — fo(xi, i),

M~ qlylxi ¢).

\. J

The EBM p(y|x; #) and proposal q(y|x; ¢) can be trained by jointly minimizing J(6, ¢)
w.r.t. both 6 and ¢:

Ground Truth EBM MDN Proposal
/’rﬂ_ﬁ".‘ 10 }ﬂ.ﬁ;‘_‘\ 10 # ey %
7 '.\' B oy \ 0s F

05 r
F 4 \ f o
> 00 004 |
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Practical Energy-Based Regression - Joint Training Method

Ground Truth EBM MDN Proposal

O 1Qmm) L

| -
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Practical Energy-Based Regression - Joint Training Method

& M h(xy™)
1 1 e'o\ Xy
i=1

oy

(0) (0)
(i) expify(xi,y; ) —loga(y; )
NI E :JNCE NCE(G)_WOg M { )

goeXP{fé(x,-,y,-( N —log q(y{" ))}

2y N~ alylxi 6).

31/35



Practical Energy-Based Regression - Joint Training Method

M

; ZI Z efe(xi,}/,-(m)) >
KL ¢) og ( (m)|Xi; ¢) )

m=1 q(y;

(0) (0)
(i) exp{fy(xi,y; ') —log q(y;”’)
NI E :JNCE NCE(G)_WOg M { )

goeXP{fb(x,-,y,-( N —log q(y{" ))}

2y N~ alylxi 6).

The EBM p(y|x; #) and proposal/noise distribution g(y
trained by updating ¢ via the loss Jkr,(¢), and updating 0 via Jxcg(6).

X; ¢) can also be jointly
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Practical Energy-Based Regression - Utilizing the Proposal

We have access to a proposal q(y|x; ¢) that is conditioned only on the input x and
thus can be utilized also at test-time.
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thus can be utilized also at test-time.

As q(y|x; ¢) has been trained to approximate the EBM p(y|x; 6), it can be utilized with
self-normalized importance sampling to approximate expectations E, w.r.t. the EBM,
M

E,le(y)]= / E0)plyIxi 0)dy ~ S wlme (y(m),

m=1
im0 Ja(y(1x; 9)
S efobey®) /g(y(D)x; ¢)

where {y(™} | ~ q(y|x; ¢).
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Practical Energy-Based Regression - Utilizing the Proposal

We have access to a proposal q(y|x; ¢) that is conditioned only on the input x and
thus can be utilized also at test-time.

As q(y|x; ¢) has been trained to approximate the EBM p(y|x; 6), it can be utilized with
self-normalized importance sampling to approximate expectations E, w.r.t. the EBM,
M
Ep[i(y)]—/f(y)p(y\X: 0)dy ~ Yy wime(y(m),
m=1

im0 Ja(y(1x; 9)
Sy efolar) /q(yDx; ¢)’

where {y(™} | ~ q(y|x; ¢).

Setting £(y) =y enables us to approximately compute the EBM mean. In this manner,

we can thus directly produce a stand-alone prediction y* for the EBM p(y|x; 0).
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Practical Energy-Based Regression - Utilizing the Proposal

my P gy (Mx; )
S efoley) /g (yD|x; ¢)
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Practical Energy-Based Regression - Utilizing the Proposal

S — €0 a(y ) x; 9)
>ty ey /q(yD]x; ¢)

We can also draw approximate samples from the EBM p(y|x; ) by re-sampling with
replacement from the set {y(™) M_ ~q(y|x; ¢) of proposal samples, drawing each
y(m) with probability w(™:

EBM MDN Proposal EBM Samples
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Summary

Energy-based models.
Energy-based models for regression.

How to train energy-based models for regression.

e Noise contrastive estimation (NCE).

Energy-based regression for 3D object detection.
Practical limitations of energy-based regression.

Learning proposals for more practical energy-based regression.
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